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Lecture 7A. Rod element

Finite element method
(FEM1)



Reminder - spring type element

𝑞 𝑒 =
𝑢1

𝑢2 𝑒2 × 1

vector of nodal
parameters:

u

F

𝐹 = 𝑘 ∙ ∆𝑢 = k∙ 𝑢2 − 𝑢1
elastic strain energy of the element:

element stiffness matrix:
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Reminder - shape functions for a finite element representing a brace

𝑢1

𝑢2

𝜉

𝑢(𝜉) =
𝑢2 −𝑢1

𝑙
𝜉 + 𝑢1 

linear functions:

𝑞 𝑒 =
𝑢1

𝑢2 𝑒2 × 1

𝑙

𝑢

𝜉

𝑢1

𝑢2

0 𝑙

𝑢 𝜉 =
𝑢2 −𝑢1

𝑙
𝜉 + 𝑢1 =

𝑢2 
𝑙

𝜉 −
𝑢1

𝑙
𝜉 + 𝑢1 = 1 −

𝜉

𝑙
𝑢1 +

𝜉

𝑙
𝑢2 =

= 𝑁1 𝜉 · 𝑢1 + 𝑁2 𝜉 · 𝑢2= 𝑁1, 𝑁2

𝑢1

𝑢2 𝑒
= 𝑁(𝜉) 𝑞 𝑒

𝑁1 𝜉 = 1 −
𝜉

𝑙
       ; 𝑁2 𝜉 =

𝜉

𝑙

1 × 2 2 × 1

shape functions:

pin joints
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Axial displacement:

2 1
1( )

e

u u
u u
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1

e

N  (  )1

N  (  )2

u(  )

p(  )

u1 2u

1 2

1 2

F21F

Finite element of a rod under axial distributed loads

  1 1

2 2
e

e e

q u
q

q u

   
= =   
   

Vector of nodal parameters:

 1

1 2 1 2

2

( ) 1 ( ), ( )
e

e

q
u u u N N N q

ql l

 
  

  
= − + = =        
   

Approximation of the axial displacements:

1 2( ), ( )N N N =      

Shape function vector:

1( ) 1 ,
e

N
l


 = − 2( )

e

N
l


 =

Shape functions:

Elastic strain energy of an element:

2

0 0

1
( ) ( ) ( ( ))

2 2

e el l

e

EA
U A d d       = =  1

1 2

2

( ) , .
e

qdu
N N

qd
 



   = =      
Axial strain:

   

1 1

1 2 1 2

20
2

1 1 1 2 1

1 2

20
2 1 2 2

, ,
2

1
, ,

2 2

e

e

l

e e

e

l

ee e e

e

N qEA
U q q N N d

qN

N N N N qEA
q q d q k q

qN N N N





      = =             

      
 = =       
       





 
1 1

1 1e
e

EA
k

l

− 
=  

− 

𝑢

𝜉

𝑢1

𝑢2

0 𝑙
21
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21
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1
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N  (  )1

N  (  )2

u(  )

p(  )

u1 2u

1 2

1 2

F21F

Equivalent load for an axially loaded rod

uniformly distributed load:
N

( )
m

p 
 
 
 

Work of axial load:

1

1 2

20 0

1

1 2

20 0

( ) ( ) ( ) ( ), ( ) ( )

( ) ( ), ( ) ( ) .

e e

e e

l l

p

ze

e

l l

e

q
W p u d N p N p d

q

q
N p N p d

q

       

    

 
= = =    

 

   
=    
    

 

 

Approximation of the axial displacements:

 1

1 2 1 2

2

( ) 1 ( ), ( )
e

e

q
u u u N N N q

ql l

 
  

  
= − + = =        
   

1

1 2

2

,p e e

ze e
e

q
W F F

q

 
 =   

 

Equivalent load:

0

( ) ( )
el

e

i iF N p d  = 

1 2 1
1 2

2

( )
( ), ( )

ee

q E q q
E E N N

q l
   

  −  = = =     

Stresses in the rod:

   [ ]K q F=

System of equations:
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Example 1. A rod loaded 

with a concentrated force

a

1

1
q  =0

2

q
2

3

q  =0
31 2

a

P

P

p
0

11

q  =0
1

2

0

2

p  (l-a)

3

q  =0
22

a) b)

 
1 1 1

1 1e

EA
k

a

− 
=  

− 
 

2 1 1

1 1e

EA
k

l a

− 
=  

−−  

𝑞 1 =
𝑞1

𝑞2
𝑞 2 =

𝑞2

𝑞3

Element stiffness matrices:

𝑞 𝑒 =

𝑞1

𝑞2

𝑞3

=
0
𝑞2

0
Global vector of nodal parameters:

𝐹 =
𝐹1

𝑷
𝐹3

=
𝑹𝟏

𝑷
𝑹𝟑

Global load vector:

2

1

3

( )
,

( )
,

.

P l a a
q

EAl

P l a
F

l

Pa
F

l

−
=

− −
=

−
=

1 1

2 2

3 3

1 1
0

1 1 1 1

1 1

a a q F

EA q F
a a l a l a

q F

l a l a

 
− 

    
    − + − =    − −         

 −
 − − 

Global Stiffness Matrix:

Reactions

2

1

3

( )
,

( )
,

.

P l a a
q

EAl

P l a
F

l

Pa
F

l

−
=

− −
=

−
=

2

1

3

( )
,

( )
,

.

P l a a
q

EAl

P l a
F

l

Pa
F

l

−
=

− −
=

−
=

Local vectors of nodal 
parameters
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Example 2. A rod loaded with a uniformly distributed load

a

1

1
q  =0

2

q
2

3

q  =0
31 2

a

P

P

p
0

11

q  =0
1

2

0

2

p  (l-a)

3

q  =0
22

a) b)

𝑞 𝑒 =

𝑞1

𝑞2

𝑞3

=
0
𝑞2

0

Global vector of nodal parameters :

𝐹 =
𝐹1

𝐹2

𝐹3

=

𝑹𝟏

½ 𝑝0 𝑙 − 𝑎

𝑹𝟑 + ½ 𝑝0 𝑙 − 𝑎

Global force vector:

2

0
2

( )

2

p l a a
q

lEA

−
=

Equivalent force at node 1 and 2 of element 2:

𝐹1
𝑒 = 0׬

𝑙𝑒 𝑁1𝑝0 d𝜉 = 0׬

𝑙𝑒 1 −
𝜉

𝑙𝑒
𝑝0 d𝜉 =

𝑝0𝑙𝑒

2
= 

𝑝0 𝑙−𝑎

2

1 1

2 2

3 3

1 1
0

1 1 1 1

1 1

a a q F

EA q F
a a l a l a

q F

l a l a

 
− 

    
    − + − =    − −         

 −
 − − 

Global Stiffness Matrix:

0 0 0 0
3 3

( ) ( ) ( ) ( )( )

2 2 2 2

p l a l p a l a p l a l p l a l a
R F

l l l l

− − − − − − +
= − = − =Reaction at node 3:

2

0
1

( )

2

p l a
F

l

− −
=

Reaction at node 1

0
3

( )

2

p a l a
F

l

− −
=

½𝑝0𝑙𝑒 ½𝑝0𝑙𝑒
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Example 3. A rod loaded with a distributed load of a variable linear value

a

1

1
q  =0

2

q
2

3

q  =0
31 2

a

P

P

p
0

11

q  =0
1

2

0

2

p  (l-a)

3

q  =0
22

a) b)

𝑞 𝑒 =

𝑞1

𝑞2

𝑞3

=
0
𝑞2

0

Global vector of nodal parameters :

𝐹 =
𝐹1

𝐹2

𝐹3

=

𝑹𝟏

⅓ 𝑝0 𝑙 − 𝑎

𝑹𝟑 + ⅙ 𝑝0 𝑙 − 𝑎

Global force vector:

Equivalent force at node 1 of element 2:

𝐹1
𝑒 = 0׬

𝑙𝑒 𝑁1𝑝 𝜉 d𝜉 = 0׬

𝑙𝑒 𝑁1𝑁1 𝑝0 d𝜉 =
𝑝0𝑙𝑒

3
= 

𝑝0 𝑙−𝑎

3

1 1

2 2

3 3

1 1
0

1 1 1 1

1 1

a a q F

EA q F
a a l a l a

q F

l a l a

 
− 

    
    − + − =    − −         

 −
 − − 

Global Stiffness Matrix:

p0

Equivalent force at node 2 of element 2:

𝐹2
𝑒 = 0׬

𝑙𝑒 𝑁2𝑝 𝜉 d𝜉 = 0׬

𝑙𝑒 𝑁2𝑁1 𝑝0 d𝜉 =
𝑝0𝑙𝑒

6
= 

𝑝0 𝑙−𝑎

6

⅙𝑝0𝑙𝑒⅓𝑝0𝑙𝑒

𝑞2 =
𝑝0 𝑙 − 𝑎 2𝑎

3𝑙𝐸𝐴

Reaction at node 1

𝐹1 =
−𝑝0 𝑙 − 𝑎 2

3𝑙

𝐹3 =
−𝑝0𝑎 𝑙 − 𝑎

3𝑙

Reaction at node 3:
𝑅3 = 𝐹3 −

𝑝0 𝑙−𝑎

6
= 

−𝑝0𝑎 𝑙−𝑎

3𝑙
−

𝑝0 𝑙−𝑎 𝑙

6𝑙
=  -

𝑝0 𝑙−𝑎 𝑙+2𝑎

6𝑙
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Example 4. Find the displacements, strain, and stress in a model of a rod hanging in a gravitational field. 
Use one element, then two. Compare the results with the exact solution.

1) One element:

x

le=l

E, A, 

g

x

p(𝜉)=  g A

1

2

q1

q2

1

R1

𝜉

x

1

2

q1

q2

1

R1

F11=
 g A l 

𝟐

F21=
 g A l 

𝟐
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Displacements in the element:

Strain in the element: Stresses in the element:

+ boundary condition q1=0
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Reactions:

x

1

2

q1

q2

1

R1

F11=
 g A l

𝟐

F21=
 g A l

𝟐
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2) Two elements:
Element 2:Element 1:

Global vector 
of nodal parameters

Global Stiffness Matrix

x

p2= g A

1

3

q1

q3

1

R1

2

2
q2

le=l/2

le=l/2

p1= g A
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+ boundary conditions q1=0

F11=
 g A l

𝟒

F22=
 g A l

𝟒x

1

3

q1

q3

1

R1

2

2
q2

F21+F12 =
 g A l

𝟐
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Displacements in elements (FEM solution in elements):
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Reactions:
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10 finite elements
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